The Nonlinearities in Nuclear Reactions

K.A. Gridnev Institute of Physics, St. Petersburg State University Saint Petersburg, 198904, Russia

V.G. Kartavenko Bogolubov Theoretical Laboratory, Joint Institute for Nuclear Research Dubna, Moscow region, 141980, Russia

W. Greiner and J. Maruhn Institut für Theoretische Physik, Johann Wofgang Göthe Universität Frankfurt am Main, D-60054, Germany

Abstract The nonlinear Schroedinger equation, the Kortveg de Vries equation and the Kadomtsev–Petviashvili equation are applying for the description of the interaction of heavy ions with nuclei. The problems of dynamical instability, anomalous large angular scattering, dynamical nuclear compressibility and hot spot are considered from the point of view of the soliton concept.

The aim of the present lecture is to apply the Nonlinear Schroedinger Equation (NoSE), the Korteveg de Vries Equation (KdVE) and the Kadomtsev–Petviashvili Equation (KPE) to an interpretation of some effects in nuclei.

1. Nonlinear Schroedinger Equation (NoSE)

Earlier we applied NoSE for the explanation such phenomena as the ALAS (Anomalous Large Angular Scattering) in interactions of α-particles with light nuclei [1]. Also we used the NoSE for the description of α-particle spectra in^{20}Ne [2]. In both cases we exploitated the NoSE in such a form:

−(h̄^2/2m)∇^2X + V X + C | X |^2 X = EX , (1)

where C = K/9 and K being the compressibility constant. It turned out that Eq. (1) is a particular solution of a general equation suggested by Bialynsky-Birula and Mysielsky [3]. Using instead of the cubic term ϵ log(a | ψ |^2)ψ they formulated the nonlinear quantum mechanics without any contradiction in classical quantum mechanics. By the way, Gaehler, Klein and Zeilinger [4] attempted to find the constant ϵ according to the predictions made in the work [3]. But it was made without any success. Our approach supposes the constant C = K/9 or ϵ ( here both constants are the same) to be the compressibility constant. It was confirmed from the values of the constant K, obtained from different experiments with the help of this approach (K ≈ 270MeV ) and also by the recent work of J.Braecher [5]. J.Braecher considered the nonlinear term in the NoSE from the point of view of the information theory. According to the work of Shannon and Weaver [6] the information I acquired upon measurements of the state| ψ > is proportional to the logarithm of the probability I = − log_2(a | κ |^2) bits, where a =| ψ_0 |^{−2}.

The certain amount ϵ of energy per bit is expended, transferred, stored, associated with the information encoded. That is why it is necessary to add the term ϵI to the standard Hamiltonian:

H = H_0 + ϵI = N∑ j=1 1 2m ∇^2_j + U − ϵ log_2(a | ψ |^2) (2)

Now it is possible to show that this constant ϵ is very close to our compressibility constant. The total energy as the expectation value of the Hamiltonian (2) is: E =< ψ | H >=< ψ | H_0 | ψ > +ϵ < ψ | H_0 | ψ >= = E_0ϵ < ψ | log_2(a | ψ |^2) | ψ > (3)

Define the entropy for the subsystem:

S = K < ψ | ln(a | ψ |^2) | ψ > (4)

where K is the Boltzmann constant. Now we obtain the free energy E_0, the temperature T and the constant ϵ : E_0 = E − T S, T = ( ∂E ∂S ) V , ϵ = KT ln(2) (5) The value ϵ = KT ln(2) is very close to the constant C. If we suppose the value KT for the average kinetic energy ≈ 30MeV we obtain the reasonable value of the compressibility constant.

In the work [7] was obtained linear rise of the entropy with energy: for heavy-ions beams in the energy range 6÷9 Gev for the cases of central and peripherical collisions of ions^{32}S,^{16}O,^{28}Si with nuclei of emulsion. The authors could explain this experiment based on the results of the Prague group using the ”information entropy”: S = −ϵP_n ln P_n, where P_n is probability of the production of ”n” particles in the final state ( ∑ n P_n = 1). This linear rise of the entropy with energy is in an agreement with nonlinear theory.

2. Korteveg de Vries Equation

Besides NoSE there is another interesting equation, which was applied many times for the prediction of new forms of motion in nuclei [8]. This is the KdV equation. The KdV equation, was applied many times in nuclear physics [8,9,10,11,12,13].

In the work [8] the connection was established between the solution of KdVE and the nuclear potential in Schroedinger equation. At the certain circumstances we can see the evolution of the nuclear potential with time.

G.N.Fowler, S.Raha and R.M.Weiner [11] attempted to predict the localized stable surface excitations in peripheral heavy ion collisions like in Rossby waves.

In the work [12] A.Sandulesky and W.Greiner obtained a new coexistence model consisting of the usual shell model and a cluster model, describing a soliton moving on the nuclear surface. They got the excellent description of experimental spectroscopic factors for cluster decays.

In its turn we considered the perturbation of the nuclear surface as a quadrupole deformation of the nuclear potential:

U = U_0sech^2((r − R)/a) = 2aU_0 df(2(r − R)/a) dr (22)

The evolution of this perturbation having the soliton form with time is given by the KdV equation [14]:

U_t − 6UU_x + βUxxx = 0, (23)

where the function U is the potential of the Schroedinger equation

βψ_{xx} − Uψ = 0, β = h̄^2/2m (24)

On the other hand this perturbation in the form of soliton can decay on the certain quantity of solitons with the small amplitude [19]. If we fix KdVE in the form

U_t + UU_x + βUxxx = 0, (25)

its solution will be in the form:

U(x) = U_0sch^2(U_0/12β)^{1/2}X). (26)

As an example we consider the interference of Coulomb and Nuclear excitations in the frame of DWBA. The differential cross section, corresponding to the transition with angular momentum λ is given by this way: dz dΩ = 1 4π ( 2μ h̄^2 ) k^′ k 2I^′ + 1 (2I + 1)(2λ + 1) λ∑ μ=−λ |T^λ_μ (Θ)|^2, where amplitude T^λ_μ is determined by this way:

T^λ_μ = ∑ l,l0 i^{l−l} 0 exp[i(σ_l + σ_l0 )] < l^′λ00|l0 > ×

× < l^′λ − μμ|l0 > [(l^′ − μ)!/(l + μ)!]^{1/2}P^μ_l0 (cos Θ)[C^λ_{ll}0 + N^λ_{ll}0], where C^λ_{ll}0 and N^λ_{ll}0 are Coulomb and Nuclear matrix elements:

C^λ_{ll}0 = (kk^′)^{−1} ∫_∞ 0 drf_l(kr)F^λ_c (r)f_l0(k^′r)

N^λ_{ll}0 = (kk^′)^{−1} ∫_∞ 0 drf_l(kr)F^λ_N (r)f_l0 (k^′r) f_l(kr) is a solution of the Schroedinger equation with a potential the optical model. F^λ_c (r) and F^λ_N (r) are Coulomb and Nuclear form-factors:

F^λ_c (r) =

4πZ_pe[B(E_λ)]1^/2 (2λ+1)r(^λ+1) ; r ≥ Rc β_λ =^{3ZpZT e2} 2λ+1 Z^λ R^λ+1_c ; r < Rc

F^λ_N = β^N_λ R dU dr , β_λ = 4π[B(Eλ)]^{1/2} 3Z_T eR^λ_c . For us the nuclear form-factor is a point of interest. Usually the form-factor is the derivative from the total optical potential which reminds the solitonic shape:

F^λ_N (r) = β^N_λ R dU dr = β^N_λ RV_0 2a sech^2 r − R a

Fig. 1

In Fig.1 we can see the excitation function for the inelastic scattering of α-particles with the excitation of the first exiting state of^{60}Ni. Experimental points were taken from the work [15]. To demonstrate the solitonic character of the Coulomb-Nuclear interference we used instead of energy scale the time scale.

There is another interesting effect connecting with the KdVE. This wonderful fact [16] that energies of some low-lying levels of given nucleus exited in inelastic scattering are multiple to the energy of its first excited state can be understood classically as the so called Huygens clock synchronization effect due to nonlinear interaction of some clocks placed at the same beam. Namely the observed experimental energy (frequency) distribution can be described by the system for q oscillators located in one nucleus and therefore coupled nonlinearly.

This problem has a link with Fermi, Pasta and Ulam (FPU) problem when they considered many years ago the behavior of oscillations in a chain of 64 mass points interacting through nonlinear forces [17]. The problem of FPU can be considered in terms of KdVE. The result of FPU was unexpected: if the initial data assigned all the energy to the lowest mode, only a few modes were exited as time went on and almost all the energy was eventually given back to the lowest mode.

Now we apply the similarity principle. The initial condition we take in the form:

U(x, 0) = U_0ϕ(x, l). (27)

With new variables η = U/U_0, x = X/l, τ = U_0t/l, (28) we obtain a new KdVE:

η_t + ηη_x + σ^{−2}ηxxx = 0, (29)

where σ = l(U_0/β)^{1/2}.

In the work [18] the critical value σ = √ 12 was obtained. With increase of the number σ the corresponding perturbation breaks up into a larger number of solitons. The number of this solitons was determined by Karpman [19] N = 2a √ U_06β. (30)

For the scattering of α–particles with kinetic energies in the range 4–12 MeV we can get for the nucleus^{12}C the value N ∼ 5. It corresponds to the number of existing states generated by the surface potential well: K^+ = 0, 2, 4, 6, 8. Gardner et al. [20] showed, that the amplitude of solitons determined by the eigenvalues: A = 2E_n.

The potential having the soliton shape gives the following spectrum [21]:

E_n = − h̄^2 8mΔ ( −(1 − 2n) + (1 + 8mΔU_0h̄^{−2})^{1/2} ) . (31)

For our example (n = 0, 2, 4, 6, 8) we obtain from (31) the following values (in MeV): −15.57, −8.65, −1.75, 5.19, 12.11, respectively. The smaller eigenvalue the lager a soliton amplitude. Knowing the eigenvalues one can construct the total potential [22].

Thus we interpreted two equations NoSE and KdVE respectively to the problem of clustering. This work is only the first approximation to this problem because we considered only one dimension case. To our mind the next step should be the application of Kadomtsev-Petviashvili equation to this problem.

The most promising thing is the application as the similarity principle to the linear alpha-chain states in nuclei [23].

3. Nuclear instability, a soliton theory, the Kadomtsev - Petviashvili Equation

An existence of solitary waves is determined by two essential factors, namely, nonlinearity and dispersion. Both the factors, which are responsible for the stability of a wave, are connected in their turn with two different types of instability. A localized pulse will tend to spread out due to dispersion terms of the equations of motion. The nonlinearity which is responsible for the formation of solitary waves, on the other hand, automatically leads to their destruction, if it is alone. Both instabilities may compensate each other and lead to stable solutions (solitons).

Let us look from these points of view at multi fragmentation phenomena. The formation and breakup of a highly excited and compressed nuclear system is the most striking process observed in intermediateenergy heavy ion reactions. How does such a system expand and finally disassemble when passing through a regime of dynamical instabilities? What is the mechanism of the clustering (stable light and intermediate mass fragment production)? Quite a variety of models have been developed to discuss this question (see, for instance, the recent review [25] and Proceedings [26]). The dynamical clusterization in the presence of instabilities is the focus of attention of the intermediate energy heavy ions physics [27], [28]. Ten years ago multifragmentation has been associated with the onset of the spinodal instability [29]. This instability is associated with the transit of a homogeneous fluid across a domain of negative pressure, which leads to its breaking up into droplets of denser liquid embedded in a lower density vapor. Since the spinodal instability can occur in an infinite system, it can be called the bulk or volume instability. On the other hand, it physically means that pressure depends on density, that is just a nonlinearity in terms of density [30].

Recently [31], it has been pointed out that a new kind of instability (sheet instability) may play an important role in multifragmentation. This new instability can be assigned to the class of surface instabilities of the Rayleigh-Taylor kind [32]. System escapes from the high surface energy of the intermediate complex by breaking up into a number of spherical fragments with less overall surface. At the same time, it physically means the existence of the gradient terms of the equations of motion, i.e the dispersion [30].

The spinodal instability and the Rayleigh-Taylor instability may compensate each other and lead to stable quasi-soliton type objects. In the next Sec. we present this physical picture using a simple analytical model proposed to describe the time evolution of compressed nuclear systems.

An analysis of stability of nonlinear dynamical systems and an analysis of nonlinear evolution of initial complex states is a traditional goal of Soliton Theory. The inverse methods to integrate nonlinear evolution equations are often more effective than a direct numerical integration. Let us demonstrate this statement for a very simple case [35].

The type of systems under our consideration are uncharged slabs of nuclear matter. The slabs are finite in the z coordinate and infinite and homogeneous in two transverse directions.

The basic equations for the static mean-field description of the slabs are the following

ψk?_n(x) = 1 √ Ω ψ_n(z)exp(ik_⊥r), ϵk?_n = h̄^2k^2_⊥ 2m + e_n,

− h̄^2 2m d^2 dz^2 ψ_n(z) + U(z)ψ_n(z) = e_nψ_n(z),

ρ(x) =⇒ ρ(z) = N0∑ n=1 a_nψ^2_n(z), (1)

A =⇒ A = (6Aρ^2_N /π)^{1/3} = N0∑ n=1 a_n, a_n = 2m πh̄^2 (e_F − e_n), E A =⇒ h̄^2 2mA (^N0∑ n=1 a_n ∫_∞ −∞ ( dψ_n dz )_2 dz + π 2 N0∑ n=1 a^2_n ) + 1 A ∫_∞ −∞ E[ρ(z)]dz, where r ≡ (x, y), k_⊥ ≡ (k_x, k_y), and Ω is the transverse normalization area. N_0 is the number of occupied bound orbitals.

The dynamical description will be done in the framework of the inverse mean field method. One can found the details of this approach in [36],[37]. We concentrate here only on essentials.

The evolution of a system is given by the famous hydrodynamical Korteveg-de Vries equation (KdV) for the mean-field potential U(z, t) N∑ n=1 ∂U ∂(S_nt) = 6U ∂U ∂z − h̄^2 2m ∂^3U ∂z^3 , (2) where S_n are constants which are determined by the initial conditions.

General solution of KdV Eq. (2) can be derived in principle via direct methods numerically. This way is to assign a functional of interaction E (as usual an effective density dependent Skyrme force), a total number of particles (or a thickness of a slab A) and to solve Hartree-Fock equations to derive a spectrum of the single particle states e_n and wave functions ψ_n(z, 0), the density profile ρ(z, 0) and the one-body potential U(z, 0) for the initial compressed nucleus. Then, one calculate an evolution of the one-body potential with the help of Eq. (2).

However, there is an inverse method to solve KdV Eq. (2). The main advantage of this way is to reduce the solution of the nonlinear KdV Eq. (2) to the solution of the linear Schrödinger - type equation − h̄^2 2m d^2 dz^2 ψ_n(z, t) + U(z, t)ψ_n(z, t) = e_nψ_n(z, t), (3) and linear integral Gelfand - Levitan - Marchenko equation to derive the function K(x, y) K(x, y) + B(x + y) + ∫_∞ x B(y + z)K(x, z)dz = 0. (4) The kernel B is determined by the reflection coefficients R(k)(e_k = h̄^2k^2/2m). and by the N bound state eigenvalues e_n = −h̄^2κ^2_n/2m. N is the total number of the bound orbitals. B(z) = N∑ n=1 C^2_n(κ_n) + 1 π ∫_∞ −∞ R(k)exp(ikz)dk. The coefficients C_n are uniquely specified by the boundary conditions C_n(κ_n) = lim_{z→∞} ψ_n(z)exp(κ_nz), and the wanted single particle potential is given by U(z, t) = − h̄^2 m ∂ ∂z K(z, z). The time t is included in Eqs. (3,4) only as a parameter, so it has been omitted in the above formulas.

The general solution, U(z, t), should naturally contain both, contributions due to the continuum of the spectrum and to its discrete part. There is no way to obtain the general solution U(z, t) in a closed form. Eqs. (3,4) have to be solved only numerically.

However in the case of reflectless (R(k) = 0) symmetrical (U(−z, 0) = U(z, 0)) potentials one can derive the following basic relations U(z, t) = − h̄^2 m ∂^2 ∂z^2 ln(det‖M‖) = − 2h̄^2 m N∑ n=1 κ_nψ^2_n(z, t),

ψ_n(z, t) = N∑ n=1 (M^{−1})_{nl}λ_l(z, t), λ_n(z, t) = C_n(κ_n)exp(−κ_nz + 2h̄^2κ^3_nS_nt/m)), (5) M_{nl}(z, t) = δ_{nl} + λ_n(z, t)λ_l(z, t) κ_n + κ_l ,

C_n(κ_n) = ( 2κ_n N∏ l≠n κ_n + κ_l κ_n − κ_l )_{1/2} . So, the wave functions, potential and the density profile are completely defined by the bound state eigenvalues. The first step is to solve the Schrödinger Eq. (3) for the initial potential U(z, 0), which is suitable to simulate compressed nuclear system or to simulate this state with the help of spectrum. Then one calculates the evolution of ρ(z, t) and U(z, t) with the help of Eqs. (5).

Although there is definitely some progress in the application of the inverse methods to nuclear physics they are not yet too popular. As illustration of these methods, we consider a one-dimensional three-level system in details [38].

A three-level system may be useful for modeling the evolution of light nuclei, for instance, oxygen [39].

Let us present the main formulas to calculate wave functions of a three-level system κ_3 > κ_2 > κ_1

ψ_1(z, t) = ( 2κ_1

( κ_2 + κ_1 κ_2 − κ_1

)( κ_3 + κ_1

κ_3 − κ_1 ))1/2 D^{−1}(z, t) ( ch(ξ_2 + ξ_3) −

( κ_3 + κ_2 κ_3 − κ_2 ) ch(ξ_3 − ξ_2) ) ,

ψ_2(z, t) = ( 2κ_2

( κ_2 + κ_1 κ_2 − κ_1

)( κ_3 + κ_2

κ_3 − κ_2 ))1/2 D^{−1}(z, t) ( sh(ξ_3 + ξ_1) −

( κ_3 + κ_1 κ_3 − κ_1 ) ch(ξ_3 − ξ_1) ) ,

ψ_3(z, t) = ( 2κ_3

( κ_3 + κ_2 κ_3 − κ_2

)( κ_3 + κ_1

κ_3 − κ_1 ))1/2 D^{−1}(z, t) ( ch(ξ_1 + ξ_2) −

( κ_2 + κ_1 κ_2 − κ_1 ) ch(ξ_2 − ξ_1) ) , D(z, t) = ch(ξ_1 + ξ_2 + ξ_3) +

( κ_2 + κ_1 κ_2 − κ_1

)( κ_3 + κ_1 κ_3 − κ_1 ) ch(ξ_3 + ξ_2 − ξ_1) + ( κ_2 + κ_1 κ_2 − κ_1

)( κ_3 + κ_2

κ_3 − κ_2 ) ch(ξ_3 + ξ_1 − ξ_2) +

( κ_3 + κ_1 κ_3 − κ_1

)( κ_3 + κ_2 κ_3 − κ_2 ) ch(ξ_2 + ξ_1 − ξ_3),

ξ_n(z, t) ≡ κ_nz − 2h̄^2κ^3_nS_nt/m n = 1, 2, 3. (6)

The asymptotic behavior of the wave functions and the mean - field potential have the following form (ξ_n is fixed) lim_{t→∞} ψ_k = δ_{kn} √ κ_nsech(ξ_n − ξ^0_n), lim_{t→∞} U(z, t) = − h̄^2κ^2_n m sech^2(ξ_n − ξ^0_n),

ξ^0_n = 1 2 ln (^{n−1}∏ k=1 ( κ_n − κ_k κ_n + κ_k

)_2^n∏ m≠n | κ_n + κ_m κ_n − κ_m | ) . So, for large z and t the time - dependent one - body potential and the corresponding density distributions are represented by a set of stable solitary waves. The energy spectrum of an initially compressed system completely determines widths, velocities and the phase shifts of the solitons.

The number of waves is equal to the number of occupied bound orbitals. The thickness (’number’ of particles) of an n - wave is equal to a_n.

Reflecting terms (R(k) ≠ 0) of U(z, t) cause ripples (oscillating waves of a small amplitude) in addition to the solitons in the final state.

The initially compressed system expands so that for large times one can observe separate density solitons and ripples (’emissions’). This picture is in accordance with the TDHF simulation of the time evolution of a compressed O^{16} nucleus [39]. The disassembly shows collective flow and clusterization. It is important to note that the clusterization was not observed in the absence of the self-consistent mean-field potential, i.e this confirms our supposition that the nonlinearity is very important for the clustering.

It is necessary to note that the present model is too primitive in order to describe a real breakup process. However this model can be used to illustrate an inverse mean-field method scheme, a nonlinear principle of superposition and the idea that nonlinearity and dispersion terms of the evolution equation can lead to clusterization in the final channel.

Certainly there are a lot of open questions relative to the presented approach. The most crucial concerns the generalization to 3+1 dimensional model with a finite temperature. One possible way to do it keeping simplicity of the approach would be to use an information theory [40],[41] and the Kadomtsev-Petviashvili equation (KPE). Motivation: from one side KPE was applied for the explanation of a movement of the Jupiter red spot , from the other hand the hot spot model was applied in nuclear physics for an explanation of the fragmentation processes.

A two dimensional soliton is a solution of KPE of the form

∂^2 ∂x^2 (u_t − 6uu_x − u_{xxx}) = −3u_{yy} The exact solution of this equation is u(x, y, t) = 2 ∂^2 ∂x^2 ln[4(ν + ν^∗)^2 + |x − iνy − 3ν^2t|^2],

where ν is an arbitrary parameter.

There is difference between one dimensional solitons and two-dimensional ones: the phase shifts in the last case are equal zero. A Ssoliton solution of KPE looks like

u_{sol} = 2κ^2sech^2[κ(x + ky − (4κ^2 + k^2)t]

where a parameter κ determines an orientation of solitons. From this it is clear that a particular solution of KPE in one dimension is the solution of KdVE.

The problem of dynamical instability and clusterization (stable fragments formation) in a breakup of excited nuclear systems are considered from the points of view of the soliton concept. It is noted that the volume (spinodal) instability can be associated with nonlinear terms, and the surface (Rayleigh- Taylor type) instability, with the dispersion terms in the evolution equations. The both instabilities may compensate each other and lead to stable solutions (solitons).

To conclude, the simple analytical model is presented to describe the time evolution of cold compressed nuclear systems in the framework of the inverse mean-field method. It is demonstrated that the nonlinearity and dispersion terms of the evolution equations can lead to clusterization in the final channel.

4. References

1. Gridnev, K.A., Hefter, E.F., Mikulas, K., Semjonov, V.M., Subbotin, V.B.: Aust. J. Phys. 36, 155 (1983); Nuovo Cimento 93, 135 (1986) 2. Gridnev, K.A., Darwish, N., Ivanov, A.G., Subbotin, V.B., Fadeev, S.N., Heffer, E.F.: The notes of Ac.Sci of USSR (physics) 50, 1980( 1986) 3. Bialynicki-Birula, I., Mycielski, J.: Annals of Physics, 100, 62 (1976) 4. Gaehler, R., Klein, A.G., Zeilinger, A.: Phys. Rev. A23 1611 (1981) 5. Bracher, J.D.: Int. Journal of Theor. Physics 30, 979 (1991) 6. Shannon, C.E., Weaver, W.: The Mathematical Theory of Communication ( University of Illinois Press, Urbana, Illinois 1979).

7. Mukhopadhyay A., Jain P.L., Singh G.: Phys. Rev. C47 410 (1993) 8. Gridnev, K.A., Hefter, E.F.: Phys. Lett. A77, 490 (1980) 9. Hefter, E.F., Mitropolsky, I.A.: J. Moscow Phys. Soe, 99 (1991) 10. Hefter, E.F., Gridnev, K.A.:Prog. Theor. Phys. 77, 549 (1984) 11. Fowler, G.N., Raha, S., Weiner, R.M.: Phys. Rev. C31, 1515 (1985) 12. Sandulesku, A.,Greiner: Rep. Prog. Phys. 55, 1423 (1992) 13. Kartavenko, V.G.:Sov. J. of Nucl. Phys. 40, 337 (1984) 14. Miura R.M.,SIAM Review 18, 412 (1976) 15. Robinson T., Edwards V.R.: Nucl. Phys. 301A, 36 (1978) 16. Sumbaev O.I. :The Thesis at the 47-th Conference on Nuclear Spectroscopy and Nuclear Structure, 10-13 June 1997, Obninsk 17. Fermi E.,Pasta J.R., Ulam S.M.: Los Alamos Sci. Lab. Rep. LA-1940 (1955) 18. Berezin, Ju.A., Karpman, V.I.:Soviet Physics JETP 24, 1045 (1967) 19. Karpman, V.I.: Phys. Lett. A25 708 (1967) 20. Gardner, C.S., Green, J.M., Kruskal, M.D., Miura, R.:Phys. Rev. Lett. 19, 1095 (1967)

21. Landau, L.D., Lifshiz, I.M., Quantum Mechanics, 97 (1974) 22. Gridnev, K.A., Semtchenkov, A.G.,The Theory of the Quantum Systems With the Strong Interaction, Tver 45 1992 23. Ikeda, R., Takigawa, N., and Hariuchi, H: Suppl.Prog. Theor. Phys., Extra Number, 464 (1968) 24. V. G. Kartavenko, Phys. Part. Nucl. 24, 619 (1993).

25. L. G. Moretto and G. J. Wozniak, Ann. Rev. Nucl. Part. Sci. 43, 379 (1993). 26. Proc. Hischegg’94, Int. Workshop on Multifragmentation, ed. H. Feldmeier and W. Nörenberg, GSI Darmstadt, 1994.

27. J. Knoll and B. Strack, Phys. Lett. 112B, 45 (1984).

28. G. F. Burgio, Ph. Chomaz and J. Randrup, Phys. Rev. Lett. 69, 885 (1992). 29. P. J. Siemens, Nature, 305, 410 (1983).

30. V. G. Kartavenko, Clusters’93, 2nd Int. Conf., Santorini, Greece, 1993, p.63. 31. L. G. Moretto, K. Tso, N. Colonna and G. J. Wozniak, Phys. Rev. Lett. 69, 1184 (1992). 32. Lord Rayleigh, Scientific Papers, Article 58, (New York, Dover 1964), p.361. 33. H. Stöcker, J. Hofmann, J. Maruhn and W. Greiner, Prog. Part. Nucl. Phys. 4, 113 (1980). 34. H. Stöcker and W. Greiner, Phys. Rep. 137, 277 (1986).

35. V. G. Kartavenko, Proc. III Int. Conf. on Nucl.-Nucl. Collis., San-Malo, France, June, 1988, p.142.

36. E. F.Hefter, Journ. de Phys. 45, C6:67 (1984).

37. E. F. Hefter and V. G. Kartavenko, JINR Rapid. Comm., 29 3 (1987). 38. V. G. Kartavenko, W. Greiner and K. A. Gridnev, JINR preprint E4-94-175, Dubna (1994) 39. A. Dhar and S. Das Gupta, Phys. Rev. C30, 1545 (1984). 40. K. A. Gridnev, Clusters’93, 2nd Int. Conf., Santorini, Greece, 1993, p.51. 41. C. E. Shannon and W. Weaver, The Mathematical Theory 42. J. F. Donoghue and B. R. Holstein, Phys. Rev. D25 (1982) 2015.

43. M. L. Cohen and P. W. Anderson, in Superconductivity in d- and f-Band Metals, ed. D. H.

Douglas (AIP, New York, 1972).

44. H. Krebs, Fundamentals of Inorganic Crystal Chemistry (McGraw-Hill, London, 1968), p. 160.