Supersonic Flow of a Nonequilibrium Gas Past a Thin Body

E.Ya.Kogan and I.P.Zavershinsky Samara State Aerospace University, 443086 Samara, Russia

Abstract

A nonlinear structure of the acoustic field radiated by a thin body in the supersonic flow of a nonequilibrium gas up to the third order of perturbation theory is investigated. The integral characteristics of a flowover process (drag and lift force coefficients Cx;y) was received.

A nonequilibrum gas represents the media with incomplete investigated hydrodynamical properties. The classical problem of the ‚uid mechanics is the problem of a supersonic motion around a thin body [1]. This problem, in particular, was investigated in [2], [3] in the linear approach in a case of inviscid ‚ow of the nonequilibrum gas. In [4], [5] the lift and drag force coe‹ciens for bodies of the various form in the supersonic ‚ow of nonequilibrum partially ionized gas was measured experimentally. The discharge was created at a face or on a lateral surface of the body. The essential reduction of the drag force was marked.

The present paper considers the supersonic motion of the nonequilibrium gas around a thin body up to the order of ε^3, where ε is a small parameter. Drag and lift forces, as is known, connected with the impulse which is carried away by shock waves. However in acoustically active media the structure of a acoustic ˛eld is de˛ned by the second viscosity coe‹cient μ ≫ ν, where ν is the ˛rst (shift) viscosity coe‹cient, [6]. Since the acoustic ˛eld structure around a body is su‹ciently changed.

We consider a plain supersonic ‚ow (M = v_0/u_s > 1 is the Ìach number , v_0 is the ‚ow velocity at in˛nity, u_s is the sound velocity) around a thin body (l_x/l_y ≫ M) with a small incidense angle δ = l_y/l_x ≪ 1. Here l_y is e¸ective thickness, l_x is the length of the body.

Futher we examine the integrated characteristics of a ‚ow - drag and lift force coe‹cients C_{x;y}:

C_{x;y} = ( 1 2 ρ_0v^2_0 )_{−1} ∫ P n_{x;y}ds where ρ_0 is a gas density at in˛nity, P is a gas, n_{x;y} are components of a normal vector. The integration

is conducted along an airfoil surface y = y (x). Pressure on the airfoil surface can be represented in the form P =

∑_1 j=0 P_j , where P_0 is the gas pressure at in˛nity, P_1 = −ρ_0v_0v_x − ρ_0 ( v^2_y + v^2_x ) /2 is disturbance of pressure, v_{x;y} are components of the ‚ow velocity pertubations.

The assumption formulated permit to use of the equations which describe the ‚uid motion in form ρ ( ∂−→v ∂t + (−→v ∇)−→v ) = −∇P (1)

∂ρ ∂t + ∇(ρ−→v ) = 0 (2)

It is possible to search the decision of system (1), (2) as: −→v = −→v_0 + ∇ϕ(x, y) , ρ = ρ_0 + ρ^′, considering

ϕ and ρ^′ as small parameters. This system must be completed with the equation of state and energy. In th nonequilibrium gas for perturbances of parameters these equations up to the of ε^2 order lead to the following relations between the pressure and density disturbances

P^′ = u^2_sρ^′ + 1 2 ( ∂^2P_0 ∂ρ^2_0 ) ρ^{′2} + mu^2_s τ ρ^′ + μ_Σ∇−→v where μ_Σ is the total viscosity.

After substitution of −→v and ρ in system (1), (2) and standart transformations we have:

∂^2ϕ ∂y^2 − ( M^2 − 1 )

∂^2ϕ ∂x^2 − M u_s [ [2 + γM^2)] ∂ϕ ∂x ∂^2ϕ ∂x^2 + 2 ∂ϕ ∂y ∂^2ϕ ∂x∂y ] − − M u_s ∂^2ϕ ∂x∂t − M u^3_s

(γ − 1) ∂ϕ ∂t ∂^2ϕ ∂x∂t + M^2(γ − 1) + 1 u^2_s ∂ϕ ∂x ∂^2ϕ ∂x∂t − γ M^2 u^2_s ∂ϕ ∂t ∂^2ϕ ∂x^2 − (3) − 1 u^2_s ∂ϕ ∂y ∂^2ϕ ∂y∂t − μ_Σ M^3 u_s ∂^3ϕ ∂x^3 − μ_ΣM^2

∂^3ϕ ∂x^2∂t + Mα_∞ ∂ϕ ∂x + α_∞ u_s ∂ϕ ∂t = 0 where ϕ is the potential of velocity, α_∞ = mu_s/τ is spatial increment of acoustic instability. Let’s notice that the characteristic lengths of energy dissipation for low-frequency and high-frequency perturbances ∼ α^{−1}_0 α^{−1}_∞ must br small in comparison with length l_x.

The kinematic boundary condition on the airfoil has a form ( v_0 + ∂ϕ ∂x ) n_x + ∂ϕ ∂y n_y | | | y→±0 = 0 (4)

In space above a body (y > 0) it is possible to assume n_x ≈ −∂ζ_2(x))∂x, and under a body n_x ≈ ∂ζ_1(x))∂x, n_y ≪ 1, where y = ζ_{2;1}(x) are equations of the wing surfaces.

The most interest is represented a problem of a stationary ‚ow. The nonlinear acoustic theory for nonequilibrum gas [6] predicts an opportunity of stabilization of acoustic instability developing with α_∞ < 0 in the second order of the theory of perturbances. For a stationary wave ϕ = ϕ(x − wt, y) where w → 0 equation (3) is reduced to a form:

∂^2ϕ ∂y^2 − ( M^2 − 1 )

∂^2ϕ ∂x^2 − M u_s [ [2 + γM^2)] ∂ϕ ∂x ∂^2ϕ ∂x^2 + 2 ∂ϕ ∂y ∂^2ϕ ∂x∂y ] − − μ_ΣM^3 u_s ∂^3ϕ ∂x^3 + α_∞M ∂ϕ ∂x = 0 (5)

The similar equations are well known in the theory of nonlinear ion-sound waves, gravitational waves on a surface of a liquid etc.

For the further simpli˛cation of considered model the method of the consecutive approaches is used. Decision of the equation (6) in the ˛rsr order is a simple wave: ∂ϕ/∂y = F_{2;1}(u), where u = ∂ϕ/∂x, and F_{2;1}(u) = ±βu ± γM^3u^2/4u_{s0}β, β = √ M^2 − 1.

In the following order we search the decision in a form ∂ϕ ∂y = F_{2;1}(u) + εg(x, y) , ±β ∂g ∂x + ∂g ∂y = 0 where ∂^2ϕ/∂x∂y = ∂u/∂y. In result we have ∂u ∂y ± β ∂u ∂x ± γM^3 2βu_s u ∂u ∂x = ±μ_Σ

M^3 u_s ∂^2u ∂x^2 ∓ Mα_∞ 2β u (6)

Boundary condition (5) after substitution of functions u, F_{2;1}, g are transformed to a form

u(y = ±0) = ± Mu_s β ∂ζ_{2;1} ∂x ± μ_Σ M^4 2u_sβ^3

∂^2ζ_{2;1} ∂x^2 ∓ α_∞M^2u_s 2β^3 ζ_{2;1} (7)

The equation (6) has the limited decisions in variable η = x − βy in the form of the sawtooth wave, [6]. Another types of the limited decisions with α_∞ 0 this equation does not admit.

In the considered problem the expression for P_1 can be transformed to a form: P_1 = − ρ_0v_0∂ϕ/∂x, [1]. Coe‹cients C_{x;y} are expressed through coe‹cient of pressure C_p = P_1/ρ_0v^2_0 /2 on a the airfoil surface:

C_x = lx∫ 0 ( C_{p2} ∂ζ_2(x) ∂x − C_{p1} ∂ζ_1(x) ∂x ) dx , C_y = lx∫ 0 (C_{p2} − C_{p1}) dx

The value C_p on both surfaces up to the accepted accuracy is de˛ned by expression:

C_{p2;1} = 2 β [ ∓ ∂ζ_{2;1} ∂x ± Mα_∞ β^2 ζ_{2;1} ]

Let’s de˛ne angles of an inclination of the top and bottom lines of a wing to it chorde by expressions θ_{2;1}(x); = ∂ζ_{2;1}(x)/∂x − δ. Let’s notice, that here ζ_{2;1}(0) = l_y , ζ_{2;1}(l_x) = 0.

Under condition of the homogeneous distribution of the excited particles up to the order of ε^2 we receive

C_x = 2 β [ 2δ^2 + < θ^2_1 >_x + < θ^2 >_x ] , C_y = 2 β [ 2δ − Mδ β^2 α_∞l_x ] . (8)

Let’s notice, that by replacement of a variable ξ = ± βy − x l_x ; τ = ϵyM^4l_y β^2l^2_x

; η = ∓ uβl_x Mu_sl_y (9) equation (6) can be reduced to form ∂η ∂t + η ∂η ∂ξ = μ_{1∞}

∂^2η ∂ξ^2 + ν_{1∞}η (10)

This equation is similar under the form with received in [6] for acoustic perturbances in the nonequilibrum media. The equations (6) and (10) were received by means of the paerturbation methons, use the same small parameters. Since the description of the acoustic ˛eld structure around the body can be received by means of the variables transformations in the basic equations, represented in [6]. In approach ωτ ≪ 1, where τ is the relaxation time we have th equation ∂u ∂y ± β ∂u ∂x ± ϵM^3 βu_0 u ∂u ∂x ∓ k_3M^2 βu^3_0 l_x l_y ∂u^3 ∂x = ±β_0

M^4 βu_0 ∂^3u ∂x^3 ± μ_Σ M^3 u_0

∂^2u ∂x^2 ±k_1 M^3 βu^2_0 u ∂^2u ∂x^2 ± k_2 M^3 βu^2_0

∂^2u^2 ∂x^2 (11)

with boundary condition

u(y = ±0) = ± Mu_0 β ∂ζ_{2;1} ∂x + μ_Σ

M^3 β^2u_0 ∂u ∂x − ϵM^3 β^2u_{s0} u^2 + β_0

M^4 β^2u_0

∂^2u ∂x^2 + k_1

M^3 β^2u^2_0 ∫ u ∂^2u ∂x^2 dx + k_2 M^3 β^2u^2_0 ∂u^2 ∂x + k_3M^2 β^2u^3_0 l_x l_y u^3 (12)

In approach ωτ ≫ 1 the appropriate system has a form ∂u ∂y ± β ∂u ∂x ± ϵM^3 βu_∞ u ∂u ∂x ∓ k_3 M^2 βu^3_∞ l_x l_y ∂u^3 ∂x = ± 3Mα^2_∞ 2 ∫ udx ± μ_Σ M^3 u_∞ ∂^2u ∂x^2 ±k_1 M^3 βu^2_∞ u ∂^2u ∂x^2 ± k_2 M^3 βu^2_∞ ∂^2u^2 ∂x^2 ∓ M^3ϵα_∞ βu_∞ ∂u ∂x ∫ udx ∓ Mα^2_∞ βu ± M^3ν_∞ βu_∞ u^2 (13) u(y = ±0) = ± Mu_{s0} β ∂ζ_{2;1} ∂x μ_∞ M^3 β^2u_∞ ∂u ∂x − ¯_∞M^3 β^2u_{s0} u^2 + 3Mα^2_∞ 2 ∫ ( ∫ udx)dx + k_{1∞} M^3 β^2u^2_{s0} ∫ u ∂^2u ∂x^2 dx + k_{2∞} M^3 β^2u^2_{s0} ∂u^2 ∂x + k_{3∞}

M^2 β^2u^3_{s0} l_x l_y u^3 −

M^3¯∞α_∞ β^2u_∞ ∫ ∂u ∂x ∫ udxdx − Mα_∞ β^2 ∫ udx + M^3ν_∞ β^2u_∞ ∫ u^2dx (14)

Let’s consider, for simplicity a plain wing θ_{1;2} = 0. The calculations, completely similar mentioned above, allow to receive expressions for drag ang lift force coe‹cients. In approach ωτ ≪ 1

C_x = 2 β δ^2 [ 2 + δ k_{30}M^3 βu_0 ] , C_y = 2 β δ [ 2 − δ k_{30}M^3 βu_0 ] (15)

In approach ωτ ≫ 1

C_x = 2 β δ^2 [ 2 − M 2β α_∞l_x + δ k_{3∞}M^3 βu_∞ ] , C_y = 2 β δ [ 2 − M 2β α_∞l_x − M 4β α^2_∞l^2_x − δ k_{3∞}M^3 βu_∞ ] (16)

The given results demonstrate dependence of the drag and lift forces in the nonequilibrum gases from the degree of non-equilibrium and distribution of the exited particles. These parameters has a signi˛cant in‚uence on the structure of an acoustic ˛eld around airfoil surface.

The work is supported by the RFBR grant N 96-02-16301.

References

[1] V.I. Karpman, M.: Science. 1973. 237. [2] W.Vincenti, J.Fluid Mech. 6 (1959) 481. [3] D. Homentcovschi, ZAMM 57. (1977) 461.

[4] A.U.Gridin, B.G. E˛mov at al. G.Keldysh’s Institut of Applied Mathematics Prepr. 16. (1995) 36. [5] Bychkov V.L. at al. G.Keldysh’s Institut of Applied Mathematics Prepr. 27 (1997) 36.’ [6] E.Ya. Kogan, N.E. Molevich, I.P. Zavershinsky, 3-4 (1993) 87.