On the Holographic S–matrix

I.Ya.Aref’eva Steklov Mathematical Institute, Russian Academy of Sciences Gubkin St.8, GSP-1, 117966, Moscow, Russia

Abstract The recent proposal by Polchinski and Susskind for the holographic flat space S–matrix is discussed. By using Feynman diagrams we argue that in principle all the information about the S–matrix in the interacting field theory in the bulk of the anti-de Sitter space is encoded into the data on the timelike boundary. The problem of locality of interpolating field is discussed and it is suggested that the interpolating field lives in a quantum Boltzmannian Hilbert space.

According to the holographic principle [1, 2] one should describe a field theory on a manifold M which includes gravity by a theory which lives on the boundary of M. Two prominent examples of the holography are the Matrix theory [3] and the AdS/CFT correspondence [4, 5, 6]. The relation between quantum gravity in the anti-de Sitter space and the gauge theory on the boundary could be useful for better understanding of both theories. In principle CFT might teach us about quantum gravity in the bulk of AdS. Correlation functions in the Euclidean formulation are the subject of intensive study (see for example [7]-[15]). The AdS/CFT correspondence in the Lorentz formulation is considered in [16]-[23].

Recently Polchinski [20] and Susskind [21] have proposed an expression for the S–matrix in flat spacetime in terms of the large N limit of the gauge theory living on the boundary of the AdS space. A related derivation is given in [22]. In this note we discuss this proposal.

It was suggested [16, 17] that a quantum field Φ(t, x) in the bulk of AdS_5 and the corresponding operator O(t, x̂) in the gauge theory at the boundary are related by a simple formula

lim_{r→∞} r^4Φ(t, x) = O(t, x̂) (1)

Such a formula might be interpreted from two different points of view. One can assume that the field O(t, x̂) in CFT is known and study what could be a field Φ(t, x) in the bulk. Or one can start from a field in the bulk of AdS and study its limiting behaviour at the boundary. In this note we are interested in the discussion of the latter approach which perhaps can be helpful for a clarification of the holographic principle.

We consider the following question. Let us take a simple model of QFT in the flat 5–dimensional spacetime, say the massless scalar field with Φ^3 interaction. Can we get the ordinary S–matrix for this model if we start from a quantum field theory in the bulk of AdS and use the data on the time like boundary of AdS in the flat space limit? We will see that an important point here is to answer to the question what do we mean under the quantum field theory in the bulk of AdS? In other words, how to quantize the Φ^3 theory in AdS if we want to reproduce the flat space S-matrix by using only ”holographical” data on the timelike infinity of AdS?

First we remind the standard formulae of the scattering theory in the 5–dimensional Minkowski spacetime. There are four different formulations of S-matrix on the flat spacetime, see for example [24, 25, 26]. They include the in-out formalism, the LSZ formula, the Feynman diagrams and the on-shell functional integral representation. It is well known that all of them are equivalent in the flat spacetime. However in a curve background they could lead to different prescriptions.

We consider a massless scalar field with the action I = ∫ d^5x { − 1 2 (∂_μΦ)^2 − V (Φ) } (2) where V (ϕ) = λ_1ϕ^3 + λ_2ϕ^4 + . . .. In the in-out formalism one defines an interpolating field

a(k, x^0) = i ∫ d^4x(F_k∂_0Φ − ∂_0F_kΦ) (3)

and in–out annihilation operators a_{out,in}(k) = lim_{x0→±∞} a(k, x^0) (4)

Here F_k is the solution of the wave equation with a positive frequency,

□F_k = 0 ,

F_k(x) = e^{iω(k)x0−ikx}/(2π)^2 √ 2ω(k) , ω(k) = |k| S–matrix is

⟨p_1, . . . , p_m; out|k_1, . . . , k_n; in⟩ = ⟨a_{out}(p_1) . . . a_{out}(p_m)a^∗_{in}(k_1) . . . a^∗_{in}(k_n)⟩ (5)

One can prove that (5) can be written in the following standard form (the LSZ formula)

⟨a_{out}(p_1) . . . a^∗_{in}(k_n)⟩ = ∫_m∏ i=1 F_{pi} (x_i)d^5x_i n∏ j=1 F^∗_{kj} (y_j )d^5y_j □_{x1} . . . □_{yn} G(x_1, . . . , y_n) + ... (6)

Here G is the Feynman Green function,

G(x_1, . . . , x_n) = ⟨T (Φ(x_1) . . . Φ(x_n))⟩ (7)

This can be can be represented in the perturbation theory as

⟨T (Φ(x_1) . . . Φ(x_n))⟩ = ⟨T (Φ_0(x_1) . . . Φ_0(x_n)S)S^∗⟩ (8)

where

S = T exp [ −i ∫ d^5x V (Φ_0) ] (9) and Φ_0(x) is the free field. It is the form (6)–(9) that is usually used for computations in perturbation theory and it can be expressed by using the Feynman diagrams.

Now let us consider this quantum field theory in the AdS_5 spacetime. The universal anti–de Sitter space is conformal to one half of the Einstein static cylinder. The metric is

ds^2 = R^2 cosh^2 χ[−dτ^2 + dσ^2 + sin^2 σdΩ] (10)

where σ = 2 arctan e^χ −^1_2 π and the Penrose diagram is shown on Fig. 1 There are null geodesics and T is time like infinity.

The action for the scalar field in AdS_5 is I = ∫ d^5x √ g { − 1 2 g^{μν} ∂_μΦ∂_vΦ − V (Φ) } (11)

Now we have to quantize the field and try to repeat the main steps of the scattering theory (4)–(7). Moreover we want to study the holographic principle and therefore we shall try to encode the data on the scattering matrix into a theory on the timelike infinity T .

One of problems we immediately get in the attempt to build a quantum theory in AdS space is that there exists no Cauchy surface in the space. It is clear from Fig. 1 that for any spacelike surface (for example a horizontal section on Fig. 1) one can find null geodesics which never intersect the surface. So we have to restrict ourself to build a quantum theory only in a region of AdS space. This might be enough since our goal is to study the flat space limit.

AdS behaves like a cavity with reflecting walls [21] and there are no ordinary scattering states in AdS space. It was proposed in [20, 21] to introduce sources and detectors on the boundary. Then in the flat limit one can get the flat spacetime scattering amplitude if one holds the external proper momenta fixed as R → ∞. One takes the AdS metric in the form

ds^2 = R^2[−(1 + r^2)dt^2 + dr^2 1 + r^2

+ r^2dΩ^2_3]

= R^2[−(1 + r^2)dt^2 + dxdx −

(xdx)^2 1 + r^2

] (12)

2^∗ 2^{′∗}

1^{′∗} 1^∗

2 1

4 3 3^{′∗} 3^∗

4^{′∗} 4^∗

t T

Figure 1: Born approximation for pre-scattering in AdS

where r^2 = xx. One obtains the flat spacetime metric at R → ∞ in the ”proper” coordinates T = Rt, X = xR. One denotes x = rx̂, x̂ ∈ S^3 and for momenta p = |p|p̂.

Polchinski [20] gave the following prescription for the flat space S-matrix ⟨p_1, . . . , p_m; out|k_1, . . . , k_n; in⟩ = lim_{R→∞} Z^{−1}⟨ ∏ i α_−(R|p_i|, p̂_i) ∏ j α_+(R|k_j |, k̂_j )⟩ (13)

Here

α_±(ω, p̂) = lim_{r→∞} ∫ Σ_r

dσ^μ(F^{(±)}_{ωp̂} ∂_μΦ − ∂_μF^{(±)}_{ωp̂} Φ) = ∫ dtd^3x̂f^{(±)}_{ωp̂} (t, x̂)ϕ(t, x̂) . (14)

Functions F^{(±)}_{ωp̂} (t, x) are classical solutions of the wave equation □F^{(±)}_{ωp̂} = 0 with the following properties. In the neighborhood of the origin r = 0

F^{(±)}_{ωp̂} (t, x) ≈ ψ^{(±)}_{ωp̂} (t, x)e^{−iω(t−p̂x̂)} (15)

where ψ^{(±)}_{ωp̂} (t, x) goes to identity as R → ∞. So in the flat space limit one gets the plane wave solution. The asymptotic behaviour at the boundary is

lim_{r→∞} F^{(±)}_{ωp̂} (t, x) = f^{(±)}_{ωp̂} (t, x̂) = G^{(±)}_ω ( t ∓ π 2 , |x̂ ∓ p̂| ) e^{−iωt} (16) where G^{(±)}_ω (τ, θ) = −e^{±iπω/2} ( 2 ω )_{3/2} 1 √ π exp { − ω 2 (θ^2 + τ^2) } (17)

The factor Z is Z = ∫ dtd^4x ∏ i ψ^±_{ωip̂i} (t, x) (18)

The operator ϕ(t, x̂) is defined by the relation

lim_{r→∞} r^4Φ(t, x) = ϕ(t, x̂) (19)

and it is interpreted as an operator O in the gauge theory on S^3.

For quantization one needs a complete orthonormal system of solutions of the wave equation. It seems functions {F_{ωp̂}} do not form such a system. Quantization of the free scalar field in AdS has been performed in [27]. In the coordinates sinhχ = tan ρ the mode expansion of scalar field is Φ(t, ρ, Ω) = ∑ m,n,l [ (l + n + 2)(l + n + 3)

(n + 1)(n + 2)C_l

]^{1/2} sin^l ρ cos^4 ρP^{(l+1,2)}_n (cos 2ρ)

[e^{−iωlnt}Y_{lm}(Ω)a_{mnl} + h.c.] Creation and annihilation operators a^∗_{mnl}, a_{mnl} satisfy the standard Bose commutation relations. Let us notice here that the Hibert space of the large N limit is not the ordinary Bose Fock space, but rather it is the quantum Boltzmann space [28, 29].The inteprolating field is nonlocal and it should live int the quantum Boltzmannian Hilbert space. It seems that entangled commutation relations [30] are appropriate for describing collective degrees of freedom.

The on-shell functional integral representation for S-matrix [26] reads S(Φ_{in,out}) = ∫ e^{iI(Φ)}DΦ One integrates over the field configurations with the prescribed behaviour at infinity.

It will be convenient to think on the S–matrix in the first quantized interpretation. Let us for simplicity consider a process 2 → 2 in the Born approximation . The answer is

⟨p_1p_2|S|p^′_1p^′_2⟩ = ∫ 2∏ i=1 e^{iω(⃗pi)t−i⃗x⃗pi} (2π)^2) √ 2ω(p_i) · 2∏ j=1 e^{−iω(p′j )t+iỹ⃗pj} (2π)^2 √ 2ω(p_j ) · K(x, y)dxdy (20) Here we interpret the plane wave as the amplitude of the probability to find a particle with given momenta and energy at the point x. The kernel K(x, y) is the transition amplitude from the point x to the point y. The plane wave describes the travelling of free particle along the geodesics. We consider the pre-S-matrix < ...|S(R)|... > using an intuitive first quantized approach. We take S(R) in the form which naturally generalizes the Feynman flat space formula (20),

⟨ω^′_1p̂^′_1, ω^′_2p̂^′_2, . . . , ω^′_mp̂^′_m|S(R)|ω_1p̂_1, . . . , ω_np̂_n⟩ = (21) ∫ ∏ i √ g(x_i, t_i)dx_idt_i K_{as}(ω^′_ip̂^′_i|x_i, t_i)K_{as}(x_i, t_i|ω_{ji}p̂_{ji} )+ ∫ ∏ i √ g(x_i, t_i)dx_idt_iK_{as}(x_i, t_i|ω_{ji}p̂_{ji} ) ∏ j √ g(x_i, t_i)dx_idt_i K_{as}(ω^′_ip̂^′_i|x^′_i, t^′_i)K(x^′_1, t^′_1, ...x_n, t_n)

The kernel admits the first quantized representation. In particular, for 2 → 2 process the formula (21) becomes

⟨ω^′_1p̂^′_1, ω^′_2p̂^′_2, |S(R)|ω_1p̂_1, ω_2p̂_2⟩ = (22) ∫ √ g(x_1, t_1)dx_1dt_1 √ g(x_2, t_2)dx_2dt_2 √ g(x^′_1, t^′_1)dx^′_1dt^′_1 √ g(x^′_2, t^′_2)dx^′_2dt^′_2 K_{as}(ω^′_1p̂^′_1|x^′_1, t^′_1)·

K_{as}(ω^′_2p̂^′_2|x^′_2, t^′_2)K_{as}(x_1, t_1|ω_1p̂_1)K_{as}(x_2, t_2|ω_2p̂_2)[δ(x_1 − x^′_1)δ(t_1 − t^′_1) + ...]+

√ g(x, t)dxdt √ g(x^′, t^′)dx^′dt^′ K_{as}(ω^′_1p̂^′_1|x^′, t^′)K_{as}(ω^′_2p̂^′_2|x^′, t^′)· K_{as}(x, t|ω_1p̂_1)K_{as}(x, t|ω_2p̂_2)K(x^′, t^′; x, t) Here K(x, t; x^′, t^′) is the transition amplitude from the point x, t to point x^′, t^′ . The 2-point transition amplitude includes the sum over all possible curves with branches, K(x, t; x^′, t^′) = ∑ topol ∫_x′_{,t}′_) x,t) e^{iS} DxDt (23) In the Born approximation one performs only summation over smooth curves K_{Born}(x, t; x^′, t^′) = ∫_x′_{,t}′_) x,t) e^{iS} DxDt (24) For K_{as}(ω^′_1p̂^′_1|x^′_1, t^′_1) one expects the formula K_{as}(ωp̂|x, t) = K_{as}(y_{as}(ωp̂), t_{as}(ωp̂)|x, t) (25) Intuitively it is clear that these asymptotic kernel are solutions of wave equations in the AdS space with special boundary conditions. ¿From the previous discussions it seems natural to take K_{as}(ωp̂|x, t) = F^{(±)}_{ωp̂} (t, x) ψ^±_{ωp̂}(t, x) (26)

Therefore, for pre-S-matrix we obtain ⟨ω^′_1p̂^′_1, ω^′_2p̂^′_2, . . . , ω^′_mp̂^′_m|S(R)|ω_1p̂_1, . . . , ω_np̂_n⟩_{connected part} = (27) ∫ ∏ i F^{(±)}_{ωip̂i} (t_i, x_i) ψ^±_{ωip̂i} (t_i, x_i) √ g(x_i, t_i)dx_idt_i ∏ j F^{(±)}_ω′_{ip̂}′_i (t^′_i, x^′_i) ψ^±_ω′_{ip̂}′_i (t^′_i, x^′_i) √ g(x^′_i, t^′_i)dx^′_idt^′_iK(x^′_1, t^′_1, ...x_n, t_n) In conclusion, in this note we have given a recipe of how to encode an information on the flat space S-matrix into the holographic data on the boundary of AdS. Although this recipe is not very transparent it permits to decode the flat space S-matrix. It would be interesting to study a relation between the recipe and the operator prescription for the flat space holographic S-matrix. We have proposed that the interpolating field lives in the Boltzmannian Hilbert space.

Acknowledgments

I would like to thank I.V.Volovich for discussions. This work was supported in part by INTAS grant 96-0698.

References

[1] G. ’t Hooft, gr-qc/9310026, Salamfest 1993:0284 [2] L. Susskind, hep-th/9409089.

[3] T.Banks, W.Fishler, S.H.Shenker and L.Susskind, Phys.Rev. D55(1997) 5112, hep-th/9610043. [4] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 hep-th/9711200.

[5] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys. Lett. B428 (1998) 105; hep-th/9802109 [6] E. Witten, hep-th/9802150

[7] I.Ya.Aref’eva and I.V.Volovich, hep-th/9803028, to appear in Proc.:“Quarks-98”. [8] I. Aref’eva and I. Volovich, Phys. Lett. B433 (1998) 49, hep-th/9804182. [9] M.Henningson and K.Sfetsos, Phys.Lett. B431 (1998) 63 [10] W.Mück and K.S.Viswanathan, Phys.Rev D58:041901 (1998); Phys.Rev. D58:106006 (1998). [11] D.Freedman, Samir D.Mathur, A.Matusis and L.Rastelli, Correlation functions in the CF T_d/AdS_{d+1} correspondence, hep-th/9804058.

[12] H.Liu and A.A.Tseytlin, D = 4 Super Yang-Mills, D = 5 gauged supergravity and D = 4 conformal supergravity, hep-th/9804083.

[13] A.Ghezelbash, K.Kaviani, S.Parvizi and A.Fatollahi, Phys.Lett. B435 (1998) 291 [14] S.Lee, S.Minwalla, M.Rangamani, N.Seiberg, Three-point functions of chiral operators in D = 4, N = 4 SYM at large N, hep-th/9806074; G.Arutyunov and S.Frolov, Phys.Lett. B441 (1998) 173 H.Liu and A.A.Tseytlin, On four-point functions in the CFT/AdS correspondence, hep-th/9807097; S.Corley, hep-th/9808184; A.Volovich, JHEP 9809 (1998) 022; W.S.l’Yi,hep-th/9809132; A.Koshelev and O.Rytchkov, hep-th/9812238.

[15] I.Ya. Aref’eva, Trudi MIAN, 226 (1999) 11.

[16] V. Balasubramanian, P. Kraus, and A. Lawrence, hep-th/9805171. [17] T. Banks, M. R. Douglas, G. T. Horowitz, and E. Martinec, hep-th/9808016. [18] V. Balasubramanian, P. Kraus, A. Lawrence, and S. P. Trivedi, hep-th/9808017 [19] H.Liu, hep-th/9811152.

[20] J. Polchinski, “S-Matrix from AdS Spacetime”, hep-th/9901076. [21] L. Susskind, “Holography in the flat-space limit”, hep-th/990179. [22] V. Balasubramanian, S. Giddings, and A. Lawrence, hep-th/9902052 [23] D.Bak and S.-J.Rey, hep-th/9902101.

[24] N.N.Bogoliubov and D.V.Shirkov, “Introduction to Quantum Field Theory”, 1961 [25] L.D. Faddeev, Les Houches Lectures, 1976 [26] I.Ya. Aref’eva, L.D. Faddeev and A.A. Slavnov, Teor.Math.Phys., 21(1975)1165. [27] S.J.Avis,C.J.Isham and D.Storey, Phys.Rev. D18 (1978) 3565 [28] I.Ya. Aref’eva and I.V. Volovich, Nucl.Phys, B462 (1996) 600, hep-th/9510210. [29] I.V. Volovich, , hep-th/9608137, in Proc. of the Second International Sakharov Conference on Physics, Moscow, 1996 [30] L. Accardi, I.Ya. Aref’eva and I.V. Volovich,, hep-ph/9708289